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Pressure dependence of structural relaxation time in terms of the Adam-Gibbs model
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A new equation describing the behavior of the structural relaxation time,t(T,P), as a function of both
pressure and temperature, is discussed. This equation has been derived from the Adam-Gibbs theory by writing
the configurational entropy,Sc , in terms of the excess thermal heat capacity and of the molar thermal expan-
sion. Consequently, the parameters introduced in the expression are directly related to specific physical prop-
erties of the material, such as the thermal expansion coefficienta and the isothermal bulk modulusK0 . At a
fixed pressure, for low pressures, the found equation reduces to a Vogel-Fulcher-Tammann equation oft
versus temperature with the fragility parameter independent from pressure. The equation fort(T,P) was
successfully tested directly by fitting the dielectric relaxation time data for two isothermal and one isobaric
measurements on diglycidyl ether of bisphenol-A, carried out in previous experiments. The parameters esti-
mated by the best fit were in reasonable agreement with the values determined from the known physical
properties of the material. Finally, the expression for the change versus pressure of the temperatures at which
the same value oftmax is obtained~e.g., the change versus pressure of the glass transition temperature! agrees
with several expressions previously proposed in the literature to provide a phenomenological description of the
observed phenomena.
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I. INTRODUCTION

By cooling at a sufficiently high rate, almost every liqu
can be turned into a glass, i.e., an amorphous ‘‘phase’
which the molecular motions are almost frozen, and wh
has been conventionally defined by values of the struct
relaxation time higher than 102 s and of viscosity exceedin
1013P @1#. In a similar way, the glass transition can be a
proached by applying a sufficiently high pressure to a liqu
In fact, the increase of pressure, like the decrease of temp
ture, has the effect of slowing down the molecular motio
These two different ways of approaching the glass transi
have several similar features, which can give interest
hints for the understanding of the glass transition pheno
enon.

Probably, the more important signature of the glass tr
sition is the strong increase of the structural relaxation ti
~or viscosity! that in a relatively small range of temperatu
may vary of more than ten orders of magnitude. The te
perature dependence of the structural relaxation timet, for
most of the glass-forming liquids, can be described ove
wide dynamical range by the empirical Vogel-Fulche
Tammann~VFT! equation@2#

t~T!5t0 expF DT0

T2T0
G , ~1!

wheret0 is the relaxation time at very high temperatures,D
is the fragility parameter,T is the absolute temperature, an
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T0 the Vogel temperature. The fragility parameter accou
for the departure oft(T) from the Arrhenius behavior and i
widely used in classifying the glass-forming liquids as stro
~high D! and fragile~low D! @3#.

Recently Richert and Angell@4# have shown that the tem
perature behavior oft as expressed by Eq.~1! is in good
agreement with the Adam-Gibbs~AG! theory @5# which is
based on the concept of configurational entropy earlier
cussed by the theory of Gibbs-DiMarzio@6#. An extension of
this last theory to incorporate the effect of pressure was a
developed@7#, although it does not provide an explicit pre
sure dependent function for the relaxation time. So far,
search for an appropriate description of the structural re
ation time with pressure has been still partially entrusted t
phenomenological approach.

In this work, starting from the original picture of the AG
theory, we tried to give a physical explanation and a desc
tion of the behavior of the structural relaxation time observ
by varying the pressure.

II. THEORY

A. Pressure and temperature dependence of the configurationa
entropy

The AG theory is based on the assumption of a coope
tively rearranging regions. The theory@5# gives an expres-
sion for the relaxation time that contains the configuratio
entropy (Sc)

t5t0 expS CAGDm

TSc
D , ~2!

where Dm is the free energy barrier~per molecule in the
©2001 The American Physical Society07-1
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cooperative region! to rearrangements,CAG is a constant,
and Sc(T) is defined as the excess entropy,Sc(T)5Smelt

2Scrystal, and measures all the entropy of the melt apert
the vibrational contributions. Approaching the glass tran
tion by changing the temperature, the departure from Arrh
ius behavior comes from the temperature dependenc
Sc(T), which depends on the value of the configuration
heat capacity,DCp . The initial form of this model@5# was
found to have some limits, which can be overcome by furt
extensions to the initial model proposed by Ngai@8#. Not-
withstanding its limits, the AG theory through the link b
tweent andSc , as expressed by Eq.~2!, is able to give an
elegant explanation of the change of thet(T) on approach-
ing the glass transition.

Recently, Richert and Angell@4# directly compared the
behavior of the dielectric relaxation timet(T) with the ex-
perimental data of the configurational entropy,Sc(T), for
several glass-formers and found that Eq.~2! is in good agree-
ment with experimental data in the rangeTg,T,TB , where
TB is the temperature below which the VFT equation app
and at which a qualitative change of the behavior oft(T) is
observed@9#. Sc(T) was estimated as@4#

Sc~T!5E
TK

T DCp~T8!

T8
dT8, ~3!

whereDCp5Cp
melt2Cp

crystal is the excess heat capacity an
TK is the Kauzmann temperature.

For a number of glass formers the excess heat capa
was documented before to vary inversely with absolute te
peratureDCp5K/T, whereK is a constant@4,10,11#. From
which

Sc~T!5E
TK

T K

T82 dT85
K

Tk
2

K

T
5S`2

K

T
, ~4!

this expression ofSc(T) substituted in Eq.~2! is consistent
with a VFT behavior.

A further check of the validity of the AG model@Eq. ~2!#
in describing the data varying the pressure~still above the
glass transition!, could be done by knowing the dependen
of the configurational entropy on both temperature and p
sure,Sc(T,P). The pressure dependence ofSc can be ob-
tained by adding to Eq.~3! the term related to the mola
thermal expansion

Sc~T,P!5E
Tk

T DCp~T8!

T8
dT82E

0

P

DS ]V

]TD
P8

dP8, ~5!

where
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DS ]V

]TD
P

5S ]V

]TD
P

melt

2S ]V

]TD
P

crystal

is the difference of the molar thermal expansivity of the m
and the crystal. The dependence of the volume on the p
sure can be estimated by using the Tait equation, found to
valid for a wide range of materials including liquids an
polymers, for changes of the volume,V(T,P), up to 40% of
the initial value,V(T,0) @12,13#

V~T,P!5V~T,0!@12C ln~11P/B~T!#, ~6!

whereC is a dimensionless constant andB(T) is a tempera-
ture dependent factor with the same dimension as press
The value ofC was shown to be almost constant for a wi
range of materials~best average valueC50.0894! and the
temperature dependent factor can be expressed byB(T)
5b1 exp(2b2 T) @14# ~where for liquidsb1;300 MPa and
b2;431023 °C21 @12#!.

By using Eq.~6! and the expression ofB(T) by Simha,
Wilson, and Olabisi@14# it follows that

S ]Vmelt

]T D
P

5S ]Vmelt

]T D
P50

F12C lnS 11
P

B~T! D G
2Vmelt~T,0!C

b2

11@P/B~T!#

P

B~T!
. ~7!

Regarding the variation with pressure of the molar therm
expansivity for the crystal, we considered it as negligib
with respect to that of the melt so that it was assum
(]Vcrystal/]T)p5(]Vcrystal/]T)P50 . Therefore by substituting
Eq. ~7! in Eq. ~5!, solving the integrals, and using Eq.~4! we
found the following expression forSc(T,P)

Sc~T,P!5S`2
K~P!

T
1dH 2~b1g21!P1~g21!B~T!

3 lnS 11
P

B~T! D1gP lnS 11
P

B~T! D J , ~8!

whereb, g, andd are, respectively,

b5
1

b2CVmelt~T,O!
DS ]V

]TD
P50

; g5
a

b2
;

d5CVmelt~T,0!b2

anda51/V(]V/]T)P is the coefficient of thermal expansio
of the melt.

By substituting Eq.~8! in Eq. ~2! we found the following
expression fort(T,P)
t~T,P!5t0 expH CAGDm

T@S`2~K/T!1d$2~b1g21!P1~g21!B~T!ln„11@P/B~T!#…1gP ln„11@P/B~T!#…%#J . ~9!

This expression can be written in a VFT-like@Eq. ~1!# form with
7-2
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T0~P!5
T0~P50!

@11~d/S`!$2~b1g21!P2~12g!B~T!ln„11@P/B~T!#…1gP ln„11@P/B~T!#…%#
, ~10!
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CAGDm

K
,

whereT0(P50)5K/S` .
From Eq.~10! it is evident that for an isobaric measureme
at high pressure, the dependence ofB, b, g, andd on tem-
perature could give a deviation oft(T,P5const) from a
VFT behavior. However, the dependence of these parame
on the temperature is known to be very weak so that
deviation from VFT behavior should be observable only
high pressure (P@B). On the other hand, if the dependen
on the temperature of these parameters is negligible, a V
equation with the same fragility parameterD should provide
a good description of the isobaric measurements.

Regarding the isothermal measurements, a dependenc
the pressure ofDCp could limit the validity of Eq.~10!. The
experimental measurements ofDCp versus pressure reporte
in the literature show a very weak dependence ofDCp on the
pressure that is therefore negligible in Eq.~10! @15#.

III. COMPARISON WITH EXPERIMENTAL RESULTS

As discussed above and from Eq.~10!, the independence
of the fragility parameterD from the pressure follows. This
prediction agrees well with the results of several experime
undertaken in isobaric conditions on methanol@16#, orthot-
erphenyl~OTP! @17#, dibutyl-phthalate@18#, and epoxy res-
ins @19–21# which found a value ofD that, within the ex-
perimental errors, does not depend on pressure.
m

pi

o

a
-
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Moreover, as a correlation between the fragility parame
and the shape of the main relaxation was found in a la
number of glass-formers@22#, the change of fragility in iso-
thermal conditions can be observed by the change of
shape of the structural relaxation~i.e., change of the shap
parameters! for isocronal spectra~i.e., having the sametmax!.
On this basis, the independence of the fragility parameteD
from the pressure was also verified in isothermal meas
ments on polypropylene glycol~PPG! @23# and epoxy resins
@21,24#.

To directly test Eq.~9! we analyzed data oft(T,P) for
diglycidyl ether of bisphenol-A~DGEBA!, previously re-
ported @24,25#. The measurements on the glass-form
DGEBA were carried out by wideband dielectric spectro
copy over a wide range of frequencies, by varying eith
temperature~in isobaric conditions,P50.1 MPa, atmo-
spheric pressure! or pressure~in two isothermal conditions,
T5293 and 313.85 K! down to temperature-induced an
pressure-induced glass transition. At atmospheric press
DGEBA is a fragile glass-former in which a significan
change of the structural relaxation time can be induced un
compression with moderate changes of pressure. Thank
this characteristic, the isothermal and isobaric measurem
of the structural relaxation time of DGEBA were accura
over a wide dynamical range, thus allowing an accurate
of Eq. ~9!.

To better separate in Eq.~9! the part dependent on th
pressure from that on the temperature, we rewrite it as
t~T,P!5t0 expH A

T2T0* 1T~d/S`!$2~b1g21!P1~g21!B~T!ln„11@P/B~T!#…1gP ln„11@P/B~T!#…%J , ~11!
0
r as

e
he
r to
of

t

for
whereT0* 5T0(P50) andA5D0* .
In this way, the parametersA, T0* , and t0 can be esti-

mated by the best fit of the isobaric measurement at at
spheric pressure~we consideredP50.1 MPa;0 pressure!,
while the other parameters~d/S` , b, g, andB! can be esti-
mated by the best fit of the isothermal measurements kee
the other parameters constant.

The behavior of the structural relaxation timet at atmo-
spheric pressure versus the reciprocal temperature is sh
in Fig. 1. The relaxation time was estimated ast
51/(2p f max), where f max is the frequency of the maximum
loss of the main relaxation. Isobaric~atmospheric pressure!
conductivity data are also available; the conductivity w
proved @26# to be coupled tot according to the hydrody
namic Debye-Stokes-Einstein relation,s}t21. Over the
o-

ng

wn

s

temperature range, 266–343 K,t showed a change over 1
decades, which can be well-described by a VFT behavio
shown by the solid line in Fig. 1. Conductivity data~open
circle in Fig. 1!, shifted on the logarithmic scale to match th
dielectric relaxation time, were also considered within t
temperature range of the dielectric measurements in orde
improve the information at high temperature. A change
dynamics at the temperature,TB5352 K, was previously re-
ported @24#, but here, considering only temperaturesT
,TB , it is not important for the following discussion. The fi
parameters estimated by using Eq.~11! for P50 ~i.e., a VFT
equation! are reported in Table I.

The pressure dependence of the structural relaxation
the two isothermal measurements atT5293 and 313.85 K
are shown in Figs. 2 and 3~open circles!, respectively.
7-3
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In principle, the free parameters necessary to fit the p
sure behavior oft by using Eq.~11! are at least four and thi
large number could raise some doubts on the validity of
test. Therefore we decided to fix at an estimate value two
these parameters~B andg!, leaving free only two parameter
~b andd/S`!.

In fact, the parameterB can be determined from the valu
of the isothermal bulk modulus,K0 , by using the relation-
ship B5K0C @13#. For DGEBA we could use the value o
K052.9 GPa valued previously atT5293 K @27# while, not
having the specific value ofC, we used the value ofC
58.9431022 which is a reasonable estimate for many li
uids and polymers@12,14#. Using this value forK0 andC we
found B5260 MPa. As discussed before, the value ofB is
expected to change by varying the temperature, and for
two temperatures considered the values ofB should differ by
a few percent; the value ofB was already approximated, s
this further correction was neglected.

FIG. 1. Structural relaxation time data, log10(1/t@s#), obtained
from dielectric relaxation~solid circles! and dc conductivity~open
circles!, at ambient pressure vs temperature. When not repo
error bars are smaller than the symbol size. The solid line is the
fit obtained by using Eq.~11! for P50, i.e., with a VFT equation,
the parameters are shown in Table I.
03120
s-

r
of
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On the other hand, the parameterg was estimated asg
5a/b250.12, considering the known thermal expansion c
efficient a of DGEBA ~a54.8731024 K21 @27#! and the
typical value of the parameterb2 for liquids and polymers
elsewhere reported~b25431023 °C21 @12,14#!.

Moreover, the values ofA, T0* , and t0 were adjusted
within the estimated error~provided by the best fit of the
isobaric measurement! so that the value of Eq.~11! for P
50 actually coincided with the data atP50 of the isother-
mal measurements.

In conclusion, the expected behavior was checked by
ing Eq.~11! with b andd/S` as free parameters, whileB, g,
A, T0* , andt0 were fixed at the estimated values.

d
st

FIG. 2. Structural relaxation time data, log10 (1/t@s#), obtained
from dielectric relaxation~open circles! at T5293 K vs pressure.
When not reported the error bars are within the experimental s
bol size. The solid line is the best fit obtained by using Eq.~11! by
using as free parametersb and d/S` , while the other parameter
~A, T0* , t0 , B, and g! were fixed as discussed in the text. Th
values of all the parameters are shown in Table I. Shown in
inset is the derivative respect to the pressure of the experime
data~solid squares! and of the fitting function~solid line!.
TABLE I. Best-fit parameters obtained by using Eq.~11! to fit the structural relaxation time of DGEBA
for an isobaric measurement~ambient pressureP50! and two isothermal measurements~T5273 and 313.85
K, respectively!.

Pressure and
temperature range A @K# T0* @K# log(1/t0) b g d/S` @MPa21# B @MPa#

P50;
T5266– 343 K

72566 233.660.2 12.1360.02

P50 – 235 MPa
T5293 K

721 233.6 12.14 (1.0460.01) 0.12 (7.060.1)31024 260

P50 – 339 MPa
T5313.85 K

721 233.6 12.14 (1.1360.01) 0.12 (6.660.1)31024 260
7-4
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The best fits obtained in this way are shown in Figs. 2 a
3 ~solid lines!, while the parameters are in Table I. To sho
the good agreement of the data with the best fit, in the in
of Figs. 2 and 3 also shown are the derivatives with resp
to P of the data~solid squares! and of the fitting curves~solid
line!.

The resulting best fit parameters are just of the corr
order of magnitude and from them reasonable values forS`

and D(]V/]T)P can be estimated. In fact, from the valu
d/S`5(6.660.1)31024 MPa21 and d/S`5(7.060.1)
31024 MPa21 we estimated @by using C50.0894,
Vmelt(T,0)53.231024 m3 mol21 and b25431023 °C21#
S`517363 and 16363 J K21 mol21, respectively. These
values ofS` are very close to those estimated for othe
glass-formers@4#. Moreover, from the best fits of the isothe
mal measurements atT5293 and 313.85 K we estimate
D(]V/]T)P5(1.1960.01)31027 and (1.2960.01)
31027 m3 K21 mol21, respectively, and also these values a
very reasonable considering that for DGEBA, (]Vmelt/]T)P
5aVmelt(T,0)51.631027 m3 K21 mol21. In slight disagree-
ment with our expectations are the differences found
tween the values of the parametersb andd/S` estimated at
two different temperatures, which are larger than the e
mated errors. On the other hand, we noticed that their p
uct is indeed independent from the temperature~bd/S`

57.360.2 MPa21 at T5293 K and bd/S`57.4
60.2 MPa21 at T5313.85 K!.

Moreover, by using Eq.~10! with the parameters esti

FIG. 3. Structural relaxation time data, log10(1/t@s#), obtained
from dielectric relaxation~open circles! at T5313.85 K vs pressure
When not reported the error bars are within the experimental s
bol size. The solid lines are the best fit obtained by using Eq.~11!
by using as free parametersb andd/S` , while the other parameter
~A, T0* , t0 , B, and g! were fixed as discussed in the text. Th
values of all the parameters are shown in Table I. Shown in
inset is the derivative respect to the pressure of the experime
data~solid squares! and of the fitting function~solid line!.
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mated by the best fit, it is possible to plot the expectedT0(P)
as shown in Fig. 4. The behavior shows a clear deviat
from a simple linear dependence ofT0 on the pressure for
high enough pressure. It is important to notice that the pr
sure behavior given by Eq.~10! ~except for an additive con
stant! not only describesT0(P) but also the behavior of the
temperature~at a fixed pressure! corresponding to the sam
value oftmax @e.g.,Tg(P)#.

This behavior is in agreement with results found in pre
ous investigations in which a clear deviation from a line
dependence was reported@17,21,23,24,28#. In particular
Schug, King, Jr., and Bo¨hmer for OTP and salol@17#, Ander-
sson and Andersson for PPG@23#, Corezziet al. for DGEBA
@24#, and Paluch, Hensel-Bielo´wka, and Ziolo for poly@~phe-
nyl glycidyl ether!-co-formaldehyde# @21# found that this
nonlinear behavior can be well-described by a second o
polynomial function, which was only derived on a phenom
enological approach.

In Fig. 4 the solid line is the best fit using a second ord
polynomial,T0(P)5T0* 1aP1bP2, to theT0(P) estimated
by Eq. ~10!, the very good agreement between the two b
haviors is clear. Therefore our result seems able to also
a satisfactory explanation of previous phenomenological
pressions found to describe the behavior ofT0(P) @29#.

IV. CONCLUSIONS

A new equation describing the temperature and press
dependence of the structural relaxation timet(T,P) was de-
rived from the Adam-Gibbs theory by introducing a suitab
expression for the configurational entropySc(T,P) consist-
ing of a term related to the molar thermal expansion in
dition to that obtained from the excess thermal heat capa
by Richert and Angell@4#.

At a fixed pressure, for low pressures (P;B), this new
equation reduces to a VFT equation with a fragility para
eter independent from pressure, in agreement with the res

-

e
tal

FIG. 4. T0(P) estimated~open circles! by using Eq.~10! with
the parameters T0* 5233.6 K, b51.04, and d/S`57.0
31024 MPa21 estimated by the best fit of the isothermal measu
ment atT5293 K and the parameters estimated from the literat
B5260 MPa andg50.12. The solid line is the best fit to the da
obtained by using a second order polynomial equationT0(P)5T0*
1aP1bP2, with T0* 5233.6 K ~fixed! and the estimated param
eters were a5(81.160.2)31023 MPa21 K b5(254.160.7),
31026 MPa22 K.
7-5
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of several experiments undertaken in either isobaric and
thermal conditions.

The expression oft(T,P) was successfully tested direct
on the dielectric relaxation time data of an isobaric and t
isothermal measurements on DGEBA. The involved para
eters were estimated by the best fit of the data and t
values agreed with those determined from the physical p
erties of the material. Considering that two of the four p
rameters~B andg! were fixed at values calculated from da
reported in the literature, the results of the best fit confi
the validity of the proposed expression@Eq. ~9!# for describ-
ing the temperature and pressure behavior of the struc
relaxation time.

Moreover, this approach provides an interpretation of
nonlinear dependence ofT0 and predicts a dependence
T0(P) @Eq. ~10!# that agrees well with some expression
.
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already discussed in literature, in which a quadratic dep
dence ofT0 on pressure was introduced on a phenome
logical basis only.

Therefore the elegant description, based on the assu
tion of cooperatively rearranging regions, given in t
Adam-Gibbs theory@5# also seems suitable to describe t
pressure dependence oft. Notwithstanding this encouragin
result, at present we consider that further analysis on m
systems are necessary to assess the actual limits of the
posed expression fort.
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